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Abstract
In generalized resource theories, one aims to reformulate the problem of deciding whether
a suitable transition (typically a transition that preserves the Gibbs state of the theory)
between two given states ρ and σ exists or not, into the problem of checking whether a set
of second-law–like inequalities hold or not. The aim of these preliminary notes is to show
how the theory of statistical comparisons (in the sense of Blackwell, LeCam, and Torgersen)
can be useful in such scenarios. In particular, we propose one construction, in which the
second laws are formulated in terms of a suitable conditional min-entropy. Though a general,
fully quantum result is also presented, stronger results are obtained for the case of qubits,
and the case of σ commuting with the Gibbs state.
Recently, a great deal of attention has been devoted to the reconstruction of thermodynamics
from operational/information-theoretic first principles [48, 23, 3, 8, 26, 27, 4, 21, 24, 47, 45, 49,
2, 6, 38, 37, 52, 25], within the context of ‘resource theories’ [8, 28, 19, 7]. The benefits of such
an approach are apparent: one the one hand, the mathematical foundations of thermodynamics
are simplified, so that older results can be generalized and new ideas can be developed in
a unified rigorous framework. On the other hand, the operational ground is finally cleared
from old preconceptions that, stemming from a ‘classical’ intuition, hindered for too long the
development of a consistent, fully quantum theory of thermodynamics.
Particular merit, towards the resurgence of general interest in this direction, surely goes to
the work of Lieb and Yngvason [33, 34, 35], in which it is shown that, under natural assumptions,
an adiabatic process connecting two given states exists, if and only if the entropy of the initial
state is no less than the entropy of the final one [33]. In other words, adiabatic processes, in the
Lieb-Yngvason framework, are completely characterized as ‘entropy-non-increasing transitions’
from one state to another, perfectly in line with an ‘order theoretical’ approach.
The general viewpoint advocated by Lieb and Yngvason is that of looking upon thermody-
namics as ‘just another’ utility theory, formally similar, to some extent, to game theory, financial
mathematics, and, ultimately, statistical decision theory. Indeed, the fundamental problem, in
thermodynamics as in other utility theories, is that of giving necessary and sufficient conditions
for the existence of a ‘transition’ (whose properties are defined by the theory itself) between
given families of states, in terms of a set of operationally well-motivated utility functions.
The aim of these preliminary notes is to argue that, for this kind of problems, a suitable
framework is provided by the theory of statistical comparisons, laid down in the classical case
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by Blackwell [5], LeCam [17, 18] and Torgersen [51, 50], and recently generalized to the quan-
tum case [10, 39, 30]. Such a framework has already been applied to various problems in
quantum information theory [9, 15, 29], quantum estimation theory [41], quantum measure-
ment theory [16, 42], and the theory of quantum Markov processes [40, 11, 14]. It is the aim
of these notes to show how the theory of statistical comparisons may be useful in quantum
thermodynamics (and other resource theories) too.
1 Preliminary remarks
In what follows, as an example, we consider the case of a resource theory with one Gibbs state
ω: such state could be the thermal state corresponding to some preferred Hamiltonian at some
given temperature (i.e., the case of athermality resource theory), or could be the state invariant
under the action of a group of transformations (i.e., the case of asymmetry resource theory).
The goal we are aiming at is to show that the theory of comparisons of statistical models
provides a good framework to study statements like the following:
A second-law–like statement. An ‘ω-preserving transition’ from ρ to σ is possible
if and only if σ is ‘closer’ than ρ to ω, i.e., the Gibbs state of the theory.
In the above statement, the term ‘closer’ should be expressed in terms of a set of inequalities,
formalizing the idea that σ is no more ‘resourceful’ than ρ, in analogy with the conventional
interpretation of the second law of thermodynamics as a decrease of free energy.
A very closely related question we are going to answer is the following:
Converse to the resource-processing inequality. What are the most general
transitions that never increase the ‘operational distances’ with the fixed Gibbs state
of the theory?
As before, the term ‘operational distance’ needs to be defined: we will do this in what follows.
1.1 Notation
In what follows, all sets are finite and Hilbert spaces are finite-dimensional.
• Sets are denoted by X = {x : x ∈ X}, Y = {y : y ∈ Y}, etc.
• A probability distribution over X is a function p : X → [0, 1] such that
∑
x p(x) = 1.
• The set of all probability distributions over X is denoted by P(X ).
• Quantum systems are labeled by capital letters Q, R, etc, and the associated Hilbert
spaces are denoted by HQ, HR, etc.
• The set of linear operators acting on a Hilbert space H is denoted by L(H).
• States of Q are represented by density matrices, i.e., operators ρ ∈ L(H) such that ρ > 0
and Tr[ρ] = 1.
• The set of density matrices acting on a Hilbert space H is denoted by S(H).
• An ensemble E is given by a probability distribution p ∈ P(X ) and a family of density
matrices {ρx : x ∈ X}. It models the situation in which the uncertainty about the state of
a quantum system is purely classical, i.e., the system is known to be in one of the states
ρx with probability p(x).
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• A positive-operator valued measure (POVM) is a function P : X → L(H) such that
P (x) > 0 and
∑
x P (x) = 1. For the sake of readability, we will often write the argument
x as a superscript, i.e., P x rather than P (x).
• The set of POVMs from X to L(H) is denoted by M(X ,H).
• Transitions (mappings) between states of two (generally different) quantum systems Q
and Q′ are restricted in this paper to completely positive trace-preserving (CPTP) linear
maps Φ : L(HQ)→ L(HQ′). We will often use the word ‘quantum channel’ as a synonym
of ‘CPTP linear map.’
2 Statistical comparisons of pairs of quantum states
Suppose we are given two pairs of probability distributions (p0, p1) and (q0, q1), or two pairs of
density matrices (ρ0, ρ1) and (σ0, σ1). What pair, in each case, is ‘more informative?’ Surely,
the answer depends on the task at hand, i.e., how is the ‘information content’ defined and
measured.
To answer this sort of questions constitutes one of the main the motivations for a vast body
of works, collectively referred to as the theory of comparisons of statistical models [50, 20, 36].
The main idea, roughly summarized, is to show that the existence of a suitable transition pi 7→ qi
(ρi 7→ σi), for i = 0, 1, is equivalent to the existence of a family of functions {ft}t such that
ft(p0, p1) > ft(q0, q1) (ft(ρ0, ρ1) > ft(ρ0, ρ1)) for all t.
The point is that one typically tries to base the comparison on functions ft that enjoy a
direct operational interpretation, so that they can be seen as utility functions. While in some
cases it might be that just one function is enough to completely answer the question about
the existence of a transition, most results involve a parameter t that is continuous, so that the
functions to be considered are actually uncountably many. This however does not make the
results so obtained any less striking or less powerful: in fact, deep theories (above all, LeCam’s
asymptotic theory of estimation [18]) have been constructed starting from these ideas.
It should be clear now how the theory of statistical comparison is apt to investigate second-
law–like statements as that presented above: if an ‘ω-preserving transition’ is to be found
between ρ and σ, we can consider the pairs (ρ, ω) and (σ, ω). Therefore, the problem of formu-
lating second-law–like statements for the existence of an ω-preserving transition between two
states, can be seen as a special case of statistical comparisons between two pairs of states.
Intentionally leaving aside the enormous amount of results valid when comparing families of
probability distributions (referred to as statistical models or statistical experiments, see for ex-
ample the monumental work by Torgersen [50]), in these notes we will focus on the semiquantum
and fully quantum cases.
3 The information-bearing ordering
Let us consider the following situation. Imagine that a quantum system Q can be prepared
either in state ρ0 or in state ρ1, while another quantum system Q
′ can be prepared either in
state σ0 or in state σ1. Which setup is preferable from an information-theoretic viewpoint?
Equivalently: given two pairs of density matrices, (ρ0, ρ1) in S(HQ) and (σ0, σ1) in S(HQ′),
which pair is always more informative?
Surely, if there exists a quantum channel Φ : L(HQ)→ L(HQ′) such that
Φ(ρi) = σi, i = 0, 1, (1)
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then it is clear that the pair (ρ0, ρ1) is always more informative than (σ0, σ1), simply because
anything that can be done with (σ0, σ1) can also be done with (ρ0, ρ1) upon processing the
states with the channel Φ. However, in general, neither a channel from the ρi’s to the σi’s, nor
a channel from the σi’s to the ρi’s exists, so we expect that the ordering ‘being always more
informative than’ be just a partial ordering. The question we want to answer is the following:
is it possible to give a non-trivial, operationally motivated, mathematically sound definition of
‘being always more informative,’ implying the existence of a channel from the more informative
pair to the less informative one?
We resort to the following construction. Since the quantum system Q can be prepared
either in state ρ0 or in state ρ1, we imagine to use Q as an information-bearing system, i.e.,
we construct a classical-to-quantum channel Nρ : X → S(HQ), with X = {0, 1}, such the input
signal i corresponds to output ρi. As it is customary in information theory, the action of the
channel Nρ is linearly extended to any probabilistic mixture of input symbols, so that an initial
distribution (p, 1− p) ∈ P(X ) is mapped by Nρ to the convex mixture pρ0 + (1− p)ρ1.
Typically, the channel Nρ is used to transmit correlations, i.e., it is used on correlated inputs:
for any other set U and any given joint probability distribution p ∈ P(U ×X ), the action of Nρ
gives rise to the bipartite classical-quantum state
ρUQ
def
=
∑
u∈U
∑
x∈X
p(u, x)|u〉〈u|U ⊗ ρ
x
Q
=
∑
u∈U
p(u)|u〉〈u|U ⊗ ρ
u
Q,
with ρuQ
def
=
∑
x∈X p(x|u)ρ
x
Q. In the above equation, we used the conventional notation, in which
the classical random variable U is fictitiously ‘encoded’ on the perfectly distinguishable pure
states |u〉〈u|U of an auxiliary quantum system (also labeled by U), associated with the Hilbert
space HU .
We then look at the probability that an observer, having access to Q, can guess the correct
value of U , i.e.,
Pguess(U |Q)ρ
def
= max
P∈M(U ,HQ)
∑
u∈U
p(u)Tr[ρuQ P
u
Q].
As shown in Ref. [31], the surprisal of the guessing probability is equal to the conditional
min-entropy, i.e.,
− log2 Pguess(U |Q)ρ = Hmin(U |Q)ρ.
Of course, the same construction can be repeated for the pair (σ0, σ1): in this case, we
obtain the channel Nσ that, for any set U and any joint probability distribution p ∈ P(U ×X ),
gives rise to the corresponding cq-state given by
σUQ′
def
=
∑
u∈U
∑
x∈X
p(u, x)|u〉〈u|U ⊗ σ
x
Q′
We now introduce the following definition.
Definition 1 (Information ordering). Let (ρ0, ρ1) and (σ0, σ1) be two pairs of density matrices
in S(HQ) and in S(HQ′), respectively. We say that (ρ0, ρ1) is ‘more informative’ than (σ0, σ1),
and write
(ρ0, ρ1)  (σ0, σ1),
if and only if, for any set U and any joint probability distribution p ∈ P(U × X ),
Hmin(U |Q)ρ 6 Hmin(U |Q
′)σ .
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The information ordering given above embodies a very strong notion of distinguishability, one
that looks at how good a pair of states is for encoding information, for all possible such encodings.
In the particular case in which U is binary, the condition (ρ0, ρ1)  (σ0, σ1) is essentially
equivalent (see below the proof of Lemma 1) to saying that ||π0ρ0 − π1ρ1||1 > ||π0σ0 − π1σ1||1,
for all choices of prior probabilities π0 = 1− π1.
Suppose now that ρ1 = σ1 = ω, where ω is the Gibbs state (i.e., the ‘resourceless’ state) of
some resource theory. We can then introduce the following definition.
Definition 2 (Thermal ordering). Let ρ and σ be two density matrices in S(H), and let ω ∈
S(H) be the Gibbs (or thermal) state of the theory. We say that ρ is ‘less thermal’ than σ, and
write
ρ ω σ,
if and only if (ρ, ω)  (σ, ω).
In other words, ρ ω σ if and only if ρ is not ‘less distinguishable’ from ω than σ.
4 The case of qubits
In the case in which both pairs consists of 2-by-2 density matrices, we have the following:
Lemma 1. Suppose that ρ0, ρ1, σ0, σ1 ∈ S(C
2). Then, (ρ0, ρ1)  (σ0, σ1) if and only if there
exists a CPTP map Φ : L(C2) → L(C2) such that Φ(ρi) = σi, for i = 0, 1. In fact, the
comparison (ρ0, ρ1)  (σ0, σ1) can be restricted to sets U with only two elements.
The above proposition is a rather direct consequence of a result by Alberti and Uhlmann [1]:
Theorem 1 (Alberti-Uhlmann, 1980). Given two pair of states (ρ0, ρ1) and (σ0, σ1), all in
S(C2), there exists a CPTP map Φ such that Φ(ρi) = σi if and only if
||ρ0 − tρ1||1 > ||σ0 − tσ1||1 , (2)
for all t ∈ R.
(In fact, the original statement has t ∈ (0,+∞), but, since the inequality (2) automatically
holds for t ∈ (−∞, 0], we extend the range of t for the sake of simplicity.)
Proof of Lemma 1. We only prove the ‘only if’ part (the ‘if’ part is trivial). Restricting the
attention to binary U = {a, b}, we see that Pguess(U |Q)ρ > Pguess(U |Q
′)σ for all p ∈ P(U × X ),
is equivalent to
∣∣∣∣{p(a, 0) − p(b, 0)}ρ0Q − {p(b, 1) − p(a, 1)}ρ1Q
∣∣∣∣
1
>
∣∣∣∣{p(a, 0) − p(b, 0)}σ0Q′ − {p(b, 1) − p(a, 1)}σ1Q′
∣∣∣∣
1
,
for all p ∈ P(U ×X ). If p(a, 0)− p(b, 0) = 0, then the above condition is automatically satisfied.
We can therefore restrict our attention to the case p(a, 0)− p(b, 0) = s 6= 0. Using the fact that
||cX ||1 = |c| ||X||1, the above condition is equivalent to
∣∣∣∣
∣∣∣∣ρ
0
Q −
p(b, 1) − p(a, 1)
s
ρ1Q
∣∣∣∣
∣∣∣∣
1
>
∣∣∣∣
∣∣∣∣σ
0
Q′ −
p(b, 1) − p(a, 1)
s
σ1Q′
∣∣∣∣
∣∣∣∣
1
,
for all p ∈ P(U × X ). By varying p in P(U × X ), it is possible to achieve any value for
t = [p(b, 1) − p(a, 1)]/[p(a, 0) − p(b, 0)] in (−∞,+∞). The theorem by Alberti and Uhlmann
therefore guarantees the existence of a CPTP map between ρi and σi.
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Lemma 1 provides a neat second-law–like statement valid in the case of 2-by-2 density
matrices:
Proposition 1 (Fully quantum second-law–like statement for qubits). Given two states ρ, σ ∈
S(C2), there exists an ω-preserving transition from ρ to σ if and only if ρ ω σ.
Unfortunately, however, the above corollary cannot be generalized to higher dimensions,
since counterexamples to the Alberti-Uhlmann theorem are known already when ρi ∈ S(C
3)
and σi ∈ S(C
2) [43]. For the completely general case, we will need therefore a new ordering,
stronger than that given in Definition 1 (for details, see Section 6).
In contrast, in the classical case, i.e., when [ρ0, ρ1] = [σ0, σ1] = 0 (equivalently, ρi and σi are
pairs of probability distributions pi ∈ P(Z) and qi ∈ P(Z
′), respectively), a binary U is always
sufficient. In jargon, this fact is stated saying that tests (2-decision problems) are sufficient
for (classical) dichotomies [5]. Other results involve the comparisons using a complete set of
f -divergences [51, 50, 36, 44]. Anything more than a mention to some of the many deep results
formulated in the classical scenario is far beyond the scope of the present notes.
5 The semiquantum case: [σ0, σ1] = 0
A restricted, but still physically relevant scenario, is that in which the final state is known to
commute the with Gibbs state—in thermodynamics, one would say that σ is block-diagonal in
the energy basis. Such a case is formalized by requiring that [σ0, σ1] = 0. If this holds, we have
the following:
Lemma 2. Let (ρ0, ρ1) and (σ0, σ1) be two pairs of density matrices in S(HQ) and S(HQ′),
respectively. Assume moreover that [σ0, σ1] = 0. Then, (ρ0, ρ1)  (σ0, σ1) if and only if there
exists a CPTP map Φ : L(HQ) → L(HQ′) such that Φ(ρi) = σi, for i = 0, 1. In fact, the
comparison (ρ0, ρ1)  (σ0, σ1) can be restricted to sets U with |U| = dimHQ′.
This fact, whose detailed proof will be given in a forthcoming paper [12], directly implies
the following semiquantum second-law–like statement:
Proposition 2 (Semiquantum second-law–like statement). Given two states ρ ∈ S(HQ) and
σ ∈ S(HQ′), with [σ, ω] = 0 (i.e., σ is block-diagonal on the energy basis), there exists an
ω-preserving transition from ρ to σ if and only if ρ ω σ.
6 The fully general case
In the general quantum case in which neither the ρi’s nor the σi’s are assumed to be commuting,
Lemma 2 above does not guarantee the existence of a quantum channel, but only the existence
of a statistical morphism (namely, a suitable generalization of the concept of positive CPTP
linear maps [10, 43]).
We therefore need to introduce a new ordering, stronger (i.e., more stringent) than . In
order to do this, we start with a definition:
Definition 3 (Complete cq-channels). Given a Hilbert space H, a complete cq-channel on H
is defined as a classical-to-quantum channel N : Y → S(H), such that |Y| = (dimH)2, y 7→ τy,
and span{τy : y ∈ Y} = L(H).
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We then extend the construction of Section 3 as follows. For any set U , any auxiliary
Hilbert space HR, any complete cq-channel y 7→ τ
y
R, and any joint probability distribution
p ∈ P(U × Y × X ), we define
ρ˜URQ
def
=
∑
u∈U
∑
y∈Y
∑
x∈X
p(u, y, x)|u〉〈u|U ⊗ τ
y
R ⊗ ρ
x
Q
=
∑
u∈U
p(u)|u〉〈u|U ⊗ ρ˜
u
RQ,
with ρ˜uRQ
def
=
∑
y∈Y
∑
x∈X p(y, x|u)τ
y
R ⊗ ρ
x
Q. In the same way, we also define
σ˜URQ′
def
=
∑
u∈U
∑
y∈Y
∑
x∈X
p(u, y, x)|u〉〈u|U ⊗ τ
y
R ⊗ σ
x
Q′
=
∑
u∈U
p(u)|u〉〈u|U ⊗ σ˜
u
RQ′ ,
with σ˜uRQ′
def
=
∑
y∈Y
∑
x∈X p(y, x|u)τ
y
R ⊗ σ
x
Q′ .
What we want to do is to compare the information content of (ρ0, ρ1) with that of (σ0, σ1),
not only in the case in which they are the only quantum resources available, but also in the
case in which an additional quantum resource, represented by the family of states {tyR : y ∈ Y},
is (or could be, in principle) added to both.
Definition 4 (Complete information ordering). Let (ρ0, ρ1) and (σ0, σ1) be two pairs of den-
sity matrices in S(HQ) and in S(HQ′), respectively. We say that (ρ0, ρ1) is ‘completely more
informative’ than (σ0, σ1), and write
(ρ0, ρ1) 
∗ (σ0, σ1),
if and only if, for any set U , any auxiliary Hilbert space HR, any complete cq-channel y 7→ τ
y
R,
and any joint probability distribution p ∈ P(U × Y × X )
Hmin(U |RQ)ρ˜ 6 Hmin(U |RQ
′)σ˜.
In particular, we will write ρ ∗ω σ if and only if (ρ, ω) 
∗ (σ, ω).
We can then state the following:
Lemma 3. Let (ρ0, ρ1) and (σ0, σ1) be two pairs of density matrices in S(HQ) and S(HQ′),
respectively. Then, (ρ0, ρ1) 
∗ (σ0, σ1) if and only if there exists a CPTP map Φ : L(HQ) →
L(HQ′) such that Φ(ρi) = σi, for i = 0, 1. In fact, the comparison (ρ0, ρ1) 
∗ (σ0, σ1) can be
restricted to Hilbert spaces HR ∼= HQ′ and sets U with |U| = (dimHQ′)
2.
This fact, whose detailed proof will be given in a forthcoming paper [12], directly implies
the following second-law–like statement:
Proposition 3 (Fully quantum second-law–like statement). Given two states ρ ∈ S(HQ) and
σ ∈ S(HQ′), there exists an ω-preserving transition from ρ to σ if and only if ρ 
∗
ω σ.
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7 Concluding remarks
7.1 From partial orderings to total orderings
The existence of a channel from one pair of states into another induces a partial ordering, in the
sense that, in general, neither ρi 7→ σi nor viceversa. A way to introduce a total ordering is to
allow for an accuracy parameter ǫ > 0. This constitutes the main advantage of LeCam’s theory
of ǫ-deficiencies with respect to Blackwell’s theory of sufficiency. Indeed, in the classical scenario,
a wealth of results are known for such an approximate scenario [17, 18, 50, 36], so that the
problem can be considered, at least with respect to the main theoretical framework, complete.
The same cannot be unfortunately said for the quantum case, despite some encouraging results
in this direction [39, 30], mainly because the concepts of ‘quantum decisions,’ needed in such
a scenario, lacks of a clear-cut, direct operational interpretation. Further investigations are
ongoing.
7.2 Less noisy channels
If, in Definition 1, we replace Hmin with the standard (von Neumann) conditional entropy,
then we have the definition of less noisy channels [32, 22]. Notice, however, that while the
relation ‘less noisy’ is known to be necessary, but not sufficient, for degradability [32], the
‘one-shot’ analogue proposed here is instead equivalent to degradability. This fact provides
an interesting connection between statistical comparisons and information-theoretic orderings
of communication channels, that will be the subject of a forthcoming contribution [13] (along
similar lines, see also Ref. [46]).
References
[1] P. M. Alberti and A. Uhlmann. A problem relating to positive linear maps on matrix
algebras. Reports on Mathematical Physics, 18(2):163–176, October 1980.
[2] A´lvaro M. Alhambra, Jonathan Oppenheim, and Christopher Perry. What is the probability
of a thermodynamical transition? arXiv:1504.00020 [cond-mat, physics:quant-ph], March
2015. arXiv: 1504.00020.
[3] Johan A˚berg. Truly work-like work extraction via a single-shot analysis. Nature Commu-
nications, 4, June 2013.
[4] Johan A˚berg. Catalytic Coherence. Physical Review Letters, 113(15):150402, October 2014.
[5] David Blackwell. Equivalent Comparisons of Experiments. The Annals of Mathematical
Statistics, 24(2):265–272, June 1953.
[6] Fernando G. S. L. Branda˜o, Micha l Horodecki, Nelly Ng, Jonathan Oppenheim, and
Stephanie Wehner. The second laws of quantum thermodynamics. Proceedings of the
National Academy of Sciences, 112(11):3275–3279, March 2015.
[7] Fernando G. S. L. Branda˜o and Gilad Gour. The general structure of quantum resource
theories. arXiv:1502.03149 [quant-ph], February 2015. arXiv: 1502.03149.
[8] Fernando G. S. L. Branda˜o, Micha l Horodecki, Jonathan Oppenheim, Joseph M. Renes, and
Robert W. Spekkens. Resource Theory of Quantum States Out of Thermal Equilibrium.
Physical Review Letters, 111(25):250404, December 2013.
8
[9] Francesco Buscemi. All entangled quantum states are nonlocal. Physical Review Letters,
108(20):200401, 2012.
[10] Francesco Buscemi. Comparison of quantum statistical models: equivalent conditions for
sufficiency. Communications in Mathematical Physics, 310(3):625–647, 2012.
[11] Francesco Buscemi. Complete Positivity, Markovianity, and the Quantum Data-Processing
Inequality, in the Presence of Initial System-Environment Correlations. Physical Review
Letters, 113(14):140502, October 2014.
[12] Francesco Buscemi. In preparation.
[13] Francesco Buscemi. In preparation.
[14] Francesco Buscemi and Nilanjana Datta. Equivalence between divisibility and monotonic
decrease of information in classical and quantum stochastic processes. arXiv:1408.7062
[cond-mat, physics:quant-ph], August 2014. arXiv: 1408.7062.
[15] Francesco Buscemi, Nilanjana Datta, and Sergii Strelchuk. Game-theoretic characterization
of antidegradable channels. Journal of Mathematical Physics, 55(9):092202, September
2014.
[16] Francesco Buscemi, Michael Keyl, Giacomo Mauro D’Ariano, Paolo Perinotti, and Rein-
hard F Werner. Clean positive operator valued measures. Journal of mathematical physics,
46:82109, 2005.
[17] Lucien Le Cam. Sufficiency and Approximate Sufficiency. The Annals of Mathematical
Statistics, 35(4):1419–1455, 1964.
[18] Lucien Le Cam. Asymptotic Methods in Statistical Decision Theory. Springer Series in
Statistics. Springer New York, New York, NY, 1986.
[19] Bob Coecke, Tobias Fritz, and Robert W. Spekkens. A mathematical theory of resources.
arXiv:1409.5531 [quant-ph], September 2014. arXiv: 1409.5531.
[20] J.E. Cohen, J.H.B. Kemperman, and G. Zba˘ganu. Comparisons of Stochastic Matrices,
with Applications in Information Theory, Statistics, Economics, and Population Sciences.
Birkha¨user, 1998.
[21] Piotr C´wiklin´ski, Micha l Studzin´ski, Micha l Horodecki, and Jonathan Oppenheim. Towards
fully quantum second laws of thermodynamics: limitations on the evolution of quantum
coherences. arXiv:1405.5029 [cond-mat, physics:quant-ph], May 2014. arXiv: 1405.5029.
[22] A. A. El Gamal. Broadcast Channels With And Without Feedback. Circuits, Systems and
Computers, 1977. Conference Record. 1977 11th Asilomar Conference on, pages 180–183,
1977.
[23] Philippe Faist, Fre´de´ric Dupuis, Jonathan Oppenheim, and Renato Renner. A Quantitative
Landauer’s Principle. arXiv:1211.1037 [quant-ph], November 2012. arXiv: 1211.1037.
[24] Max F. Frenzel, David Jennings, and Terry Rudolph. Reexamination of pure qubit work
extraction. Physical Review E, 90(5):052136, November 2014.
[25] R. Gallego, J. Eisert, and H. Wilming. Defining work from operational principles.
arXiv:1504.05056 [cond-mat, physics:math-ph, physics:quant-ph], April 2015. arXiv:
1504.05056.
9
[26] Gilad Gour, Markus P. Mu¨ller, Varun Narasimhachar, Robert W. Spekkens, and
Nicole Yunger Halpern. The resource theory of informational nonequilibrium in thermo-
dynamics. arXiv:1309.6586 [quant-ph], September 2013. arXiv: 1309.6586.
[27] Micha l Horodecki and Jonathan Oppenheim. Fundamental limitations for quantum and
nanoscale thermodynamics. Nature Communications, 4, June 2013.
[28] Micha l Horodecki and Jonathan Oppenheim. (quantumness in the context of) resource
theories. International Journal of Modern Physics B, 27(01n03):1345019, November 2012.
[29] Anna Jencˇova´. Randomization theorems for quantum channels. arXiv:1404.3900 [quant-
ph], April 2014. arXiv: 1404.3900.
[30] Anna Jencˇova´. Comparison of Quantum Binary Experiments. Reports on Mathematical
Physics, 70(2):237–249, October 2012.
[31] R Ko¨nig, Renato Renner, and Christian Schaffner. The operational meaning of min-and
max-entropy. Information Theory, IEEE Transactions on, 55(9):4337–4347, 2009.
[32] Ja´nos Ko¨rner and Katalin Marton. Comparison of two noisy channels. Topics in informa-
tion theory, (16):411–423, 1977.
[33] Elliott H. Lieb and Jakob Yngvason. The physics and mathematics of the second law of
thermodynamics. Physics Reports, 310(1):1–96, March 1999.
[34] Elliott H. Lieb and Jakob Yngvason. The entropy concept for non-equilibrium states.
Proceedings of the Royal Society of London A: Mathematical, Physical and Engineering
Sciences, 469(2158):20130408, October 2013.
[35] Elliott H. Lieb and Jakob Yngvason. Entropy meters and the entropy of non-extensive
systems. Proceedings of the Royal Society of London A: Mathematical, Physical and Engi-
neering Sciences, 470(2167):20140192, July 2014.
[36] Friedrich Liese and Klaus-J. Miescke. Statistical Decision Theory. Springer Series in Statis-
tics. Springer New York, New York, NY, 2008.
[37] Matteo Lostaglio, David Jennings, and Terry Rudolph. Description of quantum coherence
in thermodynamic processes requires constraints beyond free energy. Nature Communica-
tions, 6, March 2015.
[38] Matteo Lostaglio, Kamil Korzekwa, David Jennings, and Terry Rudolph. Quantum Coher-
ence, Time-Translation Symmetry, and Thermodynamics. Physical Review X, 5(2):021001,
April 2015.
[39] Keiji Matsumoto. A quantum version of randomization criterion. arXiv preprint
arXiv:1012.2650, 2010.
[40] Keiji Matsumoto. Loss of Memory and Convergence of Quantum Markov Processes.
arXiv:1212.3481 [quant-ph], December 2012. arXiv: 1212.3481.
[41] Keiji Matsumoto. When is an input state always better than the others?: univer-
sally optimal input states for statistical inference of quantum channels. arXiv preprint
arXiv:1209.2392, 2012.
10
[42] Keiji Matsumoto. Convertibility of Observables. arXiv:1408.3463 [quant-ph], August 2014.
arXiv: 1408.3463.
[43] Keiji Matsumoto. An example of a quantum statistical model which cannot be mapped to
a less informative one by any trace preserving positive map. arXiv:1409.5658 [quant-ph,
stat], September 2014. arXiv: 1409.5658.
[44] Keiji Matsumoto. On the condition of conversion of classical probability distribution fami-
lies into quantum families. arXiv:1412.3680 [quant-ph], December 2014. arXiv: 1412.3680.
[45] Varun Narasimhachar and Gilad Gour. Low-temperature thermodynamics with quantum
coherence. arXiv:1409.7740 [quant-ph], September 2014. arXiv: 1409.7740.
[46] Maxim Raginsky. Shannon meets Blackwell and Le Cam: Channels, codes, and statistical
experiments. 2011 IEEE International Symposium on Information Theory Proceedings,
pages 1220–1224, July 2011.
[47] David Reeb and Michael M. Wolf. An improved Landauer principle with finite-size correc-
tions. New Journal of Physics, 16(10):103011, October 2014.
[48] L´ıdia del Rio, Johan A˚berg, Renato Renner, Oscar Dahlsten, and Vlatko Vedral. The
thermodynamic meaning of negative entropy. Nature, 474(7349):61–63, June 2011.
[49] Paul Skrzypczyk, Anthony J. Short, and Sandu Popescu. Work extraction and thermody-
namics for individual quantum systems. Nature Communications, 5, June 2014.
[50] E. Torgersen. Comparison of Statistical Experiments. Encyclopedia of Mathematics and
its Applications. Cambridge University Press, 1991.
[51] E. Torgersen. Comparison of experiments when the parameter space is finite. Probability
Theory and Related Fields, 16(3):219–249, 1970.
[52] Mirjam Weilenmann, Lea Kra¨mer, Philippe Faist, and Renato Renner. Axiomatic relation
between thermodynamic and information-theoretic entropies. arXiv:1501.06920 [cond-mat,
physics:quant-ph], January 2015. arXiv: 1501.06920.
11
